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A p rocedu re  is given for  calculat ing the t e m p e r a t u r e  gradient  at the end of a cyl indr ical  rod 
t e rmina t ing  in a t runcated cone, with a l lowance for  radia t ion  and var ia t ions  of the physical  
c h a r a c t e r i s t i c s .  

A number  of p rob l em s  (such as ana lys i s  of the energy ba lance  of the cathode spot in h i g h - p r e s s u r e  
a rc s )  r equ i re  knowledge of the t e m p e r a t u r e  gradient  at the end of an e lec t rode .  Several  pape r s  have been 
published on this p r o b l e m  [1, 2]. 

We inves t iga te  heat  t r a n s f e r  in a semi - in f in i t e  cyl indr ica l  rod whose end is in the shape of a t run-  
cated cone. We consider  the one-d imens iona l  p rob lem.  Approx imate  calculat ions have shown that the 
main  fac tor  governing the ba lance  of power  of the e lec t rode  beyond the l imi ts  of the cathode spot in a r c s  
ca r ry ing  cu r ren t s  up to 20 or 30 A and opera t ing at p r e s s u r e s  up to 10 arm is t h e r m a l  radia t ion  f rom the 
e lec t rode .  The act ion of all  other fac tors  such as d i scharge  radiat ion,  heat  convection and conduction 
through the gas ,  and heating by the pa s s age  of cur ren t  has v i r tua l ly  no effect  on the t he rma l  balance.  
Consequently,  the hea t -conduct ion  equation can be l imited to the effect  of cooling by t he rma l  radia t ion 
(which cannot be neglected,  because  the resul t ing  e r r o r  would be excess ive) .  Heating of the e lec t rode  by 
t h e r m a l  rad ia t ion  f rom surrounding bodies ,  mainly  the walls enclosing the d i scharge  space ,  can be ne-  
glected by v i r tue  of the i r  much lower t e m p e r a t u r e  in c o m p a r i s o n  with the e lec t rode  t e m p e r a t u r e  (2Twall s 
< T [2]) and the sma l l  value of the wall  emi s s iv i t y  (the walls a r e  usual ly  g lass  or  quartz) .  Heating of the 
e lec t rode  by its own re f lec ted  radia t ion  is a l so  negligible.  

We can thus reduce  the p rob lem to the solution of the nonl inear  di f ferent ia l  equation 

d---xd (~.ar2 __dT ) = 2arP__~'r = 2aras 
d X  cos v cos v 

subject  to the boundary (end) conditions 

X =0,  r = Ve; X-+oo,  d_T__T -+0. 
dX 

It may be a s s um ed  for  many meta l s  and al loys that 

~(T) = ~0(1 + CT), 

s (T )  = - -  e o ( T  a + al r + a2), 

in good a g r e e m e n t  with the data of [3, 4]. 

Equation (1) with the boundary conditions (2) can be r e p r e s e n t e d  in the equivalent fo rm 

/ /  r~ ~ dT + T(~) r a [X (T)] ~'Pr" dT, 
dX r 2 (X) p O cos 7 J cos 7 

0 Tt 

which yields  the requ i red  value of the t e m p e r a t u r e  gradient  at any point of the rod.  

(1) 

(2) 

(3) 

(4) 

(5) 
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Fig.  1. C h a r a c t e r i s t i c  0 ( W . m  -3/2) ve r su s  t e m p e r a t u r e  Te  (~ 
at end of the rod for  R = 5 (solid curves)  and 1~ = 25 (dashed curves)  
and for  var ious  values  of ~ = ( 4 r l / c o s  ? )*  [(R --  1)/tan~/]:  1) r 
= 0.05 ml/2; 2) 0.125; 3) 0.25; 4) 0.50; 5) 1.25; a) T = 30~ b) 
45~ c) 60 ~ 

The f i r s t  in tegra l  on the r igh t -hand  side of (5) is  readi ly  evaluated.  
de t e rmined  numer ica l ly ,  requi r ing  exceedingly difficult  calculat ions in the de te rmina t ion  of X(T) and TI;  
r (x) is speci f ied  by  the rod g e o m e t r y .  

The values  of T 1 and the second in tegra l  in (5) can be de te rmined  by succes s ive  approximat ions .  It 
is  a s sumed  in the f i r s t  approx imat ion  that  heat  l o s ses  f r o m  the conical sec t ion  of the rod a r e  absent .  We 
then obtain in the second approx ima t ion  

_~,__dT = __Y~ Vcp(T,, 7 = 0 ) + W ( T ,  V), (6) 
ax  

where  

(T, V) = 

The second in tegra l  can only be 

o, {(,,) 
W(T, ~)= 2(R-- I) a~ --~T + 12ab I-- 

+ 30b~Inu} [;(r~, ~) -- ~ (T. ~)]; 

4~.~oT~ ! C7 TM + (I + a~c) r + ~- (a, -'~ a~C) + ~ �9 -~- ; 
cos 7 8 

(7) 

(8) 
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~(T, v)= 

, 3 / "  

TI = ]/ /  - -  q + V ~  -r q 2 ~- "I/ - -  q - -  1/ p~ + q'2 _ _ _  

b= Te- -T ( .  
R - -  1 ' a =  T l - - b ;  

4ae~176 [ 1 C T ~ _ ( 1 - ' ~ a ~ C ) T - ! - ( a ~ + a 2 C ) I n T _  a'~.] 
cos 7 T ; 

~o C . 
i 

6p 

(9) 

(lO) 

(11) 

/ (re, 7) 
p = ( R -  1) V (12) 

t g v -  T~. ' . . . .  

~'o (I ~ 0.5CTe) T e ~'o C ( XoC ~a 
2q----- - , 9 69 ~ + 2 �9 (13) \ 60  / 

3kop - -  0.25ko2 C 2 (14) 
3p . . . . . .  

392 

The temperature  dependence of {9 = - -h  (dT/dX)[T =Te(~rl/R2) for a tungsten rod (h 0 = 124 W. m - i  
(~ C = - - 8 . 0 6 " 1 0  -5 (~ -1 [5]; e 0 = 4 . 0 5 . 1 0  -8 (~ -2, a I -- - -7 .05"103  ~ a 2 = 3.58 "106 (~ 2 [6]) is 
shown in Fig.  1 for  s e v e r a l  combina t ions  of g e o m e t r i c  p a r a m e t e r s  of the rod .  

A c o m p a r i s o n  of the  ana ly t i ca l  r e s u l t  obtained a c c o r d i n g  to Eqs .  (6)-(14) with the n u m e r i c a l  so lu -  
t ions shows that  fo r  a t ungs ten  rod with va r i a t i ons  of Te  f r o m  1600 to  3600~ and o f  ~ ( R  --  1) cot 7 f r o m  
0.04 to  1.0 m 1/2, R >- 5, the e r r o r  i n t h e  d e t e r m i n a t i o n  of i~ (dT/dX) lT=Te  does  not exceed  3%, i . e . ,  the 
ca lcu la t ions  can be l imi ted  to  the second  approx ima t ion .  

A 

E 

r 
T 
X 

t 

P r  

y = r l / r ;  

NOTATION 

is  the t h e r m a l  conduct iv i ty ;  
is the  total  e m i s s i v i t y ;  
is the r ad ius  of the  rod  at  any point;  
is the  abso lu te  t e m p e r a t u r e ;  
is the lengthwise  coord ina te ;  
is the spec i f i c  r ad i a t ion  dens i ty ;  
is the S t e f a n - B o l t z m a n  cons tan t ;  

R = r l / r e ;  tan 7 = [ ( r - r e ) / X ] ( X <  X1);7 =0{X> X 0.  

S u b s c r i p t s  

is the bounda ry  be tween  the cy l ind r i ca l  and conica l  s ec t ions  of the  rod ;  
is the end of the rod  ( sma l l e r  b a s e  of the  t r unca t ed  cone) .  

1. 

2. 
3. 
4.  
5. 
6. 

LITERATURE CITED 

G. N. Rokhlin, Gas-Discharge Light Sources [in Russian], Energiya, Moscow-Leningrad (1966). 
G. ]~rbs, Svetotekhnika, No. 8, 5 (1969). 

V~ S. Chirkin, Thermal Conductivity of Industrial Materials [in Russian], Mashgiz (1962). 
A, G. Blokh, Fundamentals of Radiative Heat Transfer [in Russian], Gosenergoizdat (1962), 
A. P. Ivanov, Electrical Light Sources [in Russian], GEl (1955). 
V. ]~. Peletskii, High-Temperature Studies of the Thermal and Electrical Conductivities of Solids 
[in Russian], Energiya (1971). 

189 


